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GENERALIZED LEGENDRE CURVES AND QUATERNIONIC
MULTIPLICATION
ALYSON DEINES, JENNY G. FUSELIER, LING LONG, HOLLY SWISHER, FANG-TING TU
Dedicated to Professor Wen-Ching Winnie Li, an incredible woman, an amazing leader, and who has inspired so
many of us.
Abstract. This paper is devoted to abelian varieties arising from generalized Legendre curves.
In particular, we consider their corresponding Galois representations, periods, and endomorphism
algebras. For certain one parameter families of 2-dimensional abelian varieties of this kind, we
determine when the endomorphism algebra of each fiber defined over the algebraic closure of Q
contains a quaternion algebra.
1. Introduction
Algebraically, for integers 2 ≤ e1, e2, e3 ≤ ∞, the triangle group (e1, e2, e3) is defined by the
presentation
〈x, y | xe1 = ye2 = (xy)e3 = id〉.
A triangle group is called arithmetic if it has a unique embedding to SL2(R) with image either
commensurable with PSL2(Z), which is isomorphic to (2, 3,∞), or derived from an order of certain
indefinite quaternion algebra over a totally real field, see [31, Section 3, Defn. 1]. Arithmetic triangle
groups have been classified by Takeuchi [31], [32]. Given an arithmetic triangle group Γ, its action
on the upper half plane, H, via linear transformations yields a quotient space. This space is a
modular curve when at least one of ei is∞; otherwise, it is a Shimura curve. While modular curves
parametrize certain isomorphism classes of elliptic curves, Shimura curves parametrize isomorphism
classes of certain 2-dimensional abelian varieties with quaternionic multiplication [28], [29]. For this
reason, our main result focuses on 2-dimensional abelian varieties. Recently, Yang has computed
explicitly automorphic forms on Shimura curves in terms of hypergeometric series [39]. Based
on that, Yang and the fifth author obtained explicit algebraic transformations of hypergeometric
functions [33].
Each arithmetic triangle group can be realized as a monodromy group of some ordinary differ-
ential equation (ODE) satisfied by an integral of the form
(1)
∫ 1
0
dx
N
√
xi(1− x)j(1− λx)k ,
with N, i, j, k ∈ Z. Wolfart realized these integrals as periods of the generalized Legendre curves
C
[N ;i,j,k]
λ : y
N = xi(1− x)j(1− λx)k,
where λ is a constant and N, i, j, k are suitable natural numbers [35]. In this paper, we assume that
1 ≤ i, j, k < N . We additionally assume N ∤ i+ j + k, so that the generic abelian subvarieties that
we extract from the smooth models of C
[N ;i,j,k]
λ do not have complex multiplication (CM). For a
g-dimensional abelian variety A over a totally real field K, this means the endomorphism of A is a
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1
degree 2g CM field over K. The CM cases have been previously considered in papers like [27] and
will not be our focus here.
Let Γ be an arithmetic triangle group with each ei finite. Then Γ corresponds to an explicit
quaternion algebra HΓ over a totally real field KΓ. Takeuchi gives descriptions of KΓ and HΓ in
terms of e1, e2, e3 in [32, Proposition 2]. For example, H(3,6,6) =
(
−3,6
Q
)
, which is isomorphic to(
−3,2
Q
)
. For any field K whose characteristic is not 2, a, b ∈ K, the notation
(
a,b
K
)
stands for
a quaternion K-algebra, which is a 4-dimensional K-algebra generated by 1, i, j, ij where, i2 =
a, j2 = b, ij = −ji.
Assume gcd(i, j, k) is coprime to N and λ ∈ Q. Let J [N ;i,j,k]λ be the Jacobian variety constructed
from the smooth model of C
[N ;i,j,k]
λ . We will consider the primitive part J
new
λ of J
[N ;i,j,k]
λ . It is a
ϕ(N) dimensional abelian variety, where ϕ is the Euler totient function. We will show the following.
Theorem 1. Let N = 3, 4, 6 and other notation and assumptions as above, in particular, N ∤
i + j + k. Then for each λ ∈ Q, the endomorphism algebra of Jnewλ contains a quaternion algebra
over Q if and only if
B
(
N − i
N
,
N − j
N
)/
B
(
k
N
,
2N − i− j − k
N
)
∈ Q,
where B(a, b) =
∫ 1
0 x
a−1(1 − x)b−1dx = Γ(a)Γ(b)Γ(a+b) is the Beta function, and Γ(·) is the Gamma
function.
The condition N = 3, 4, 6 in the above theorem is to guarantee that the abelian varieties obtained
are 2-dimensional.
To prove Theorem 1, we use results of Wolfart [35] and Archinard [4], [3] to compute the pe-
riods of Jnewλ and then use a result of Wu¨stholz [36] on periods and decompositions of abelian
varieties. When N = 4, 6, we prove that the Beta quotient is necessarily algebraic by a different
method. It involves computing the Galois representations attached to Jnewλ via Greene’s Gaussian
hypergeometric functions [15] and a result of Yamamoto [37] on Gauss sums.
Recently Petkova and Shiga [26] give a family of 2-dimensional abelian varieties A′(λ) over the
Shimura curve for the arithmetic group (3, 6, 6) such that for each λ ∈ Q, the endomorphism
algebra End0(A
′(λ)) = End(A′(λ))⊗ZQ contains
(
−3,2
Q
)
. We give a different construction of a one
parameter family of abelian varieties with the same property using the primitive part of J
[6;4,3,1]
λ .
Our methods apply more generally. We use them to treat a few other cases in later sections.
2. Preliminaries
2.1. Notation. Let F be a number field, F its algebraic closure, and GF := Gal(F/F ) the absolute
Galois group of F . The Galois representations in this paper are continuous homomorphisms of GF
to finite dimensional linear groups over fields like Qℓ which we assume to be algebraically closed.
Such a Galois representation is said to be strongly irreducible if its restriction to any finite index
subgroup of GF remains irreducible. We use ζN to denote a primitive Nth root of unity. Let Fq
denote the finite field of size q, F̂×q the group of all multiplicative characters χ on F×q , and ε the
trivial character. By convention, we let χ(0) = 0 so that we can view χ over Fq.
2.2. 2F1-hypergeometric functions and triangle groups. The 2F1-hypergeometric function
for |λ| < 1 is given by
2F1
[
a b
c
; λ
]
:=
∞∑
k=0
(a)k(b)k
(c)k
λk
k!
,
2
where (α)k = α(α + 1) · · · (α + k − 1) denotes the Pochhammer symbol. It is a solution of the
Hypergeometric Differential Equation (HDE), denoted by HDE(a, b; c;λ)
λ(1− λ)F ′′ + [(a+ b+ 1)λ− c]F ′ + abF = 0.
This differential equation is a Fuchsian differential equation with 3 singularities 0, 1,∞. When
c /∈ Z, λ1−c 2F1
[
1 + a− c 1 + b− c
2− c ; λ
]
is another independent solution of HDE(a, b; c;λ). For
further details of hypergeometric functions see [2], [7], [30].
In this paper we assume a, b, c ∈ Q. One can construct a representation of the fundamental
group π1(CP
1 \ {0, 1,∞}) → GL2(C) from HDE(a, b; c;λ) which is determined up to conjugation,
see [40]. The image is called the monodromy group of HDE(a, b; c;λ), and is a triangle group. The
following theorem of Schwarz (see [40]) gives an explicit correspondence between a hypergeometric
function and a Schwarz triangle ∆(p, q, r) with p, q, r ∈ Q. Each ∆(p, q, r) is the symmetry group
of a tiling of either the Euclidean plane, the unit sphere, or the hyperbolic plane (depending on
whether p + q + r is equal to, greater than, or less than 1, respectively) by triangles with angles
pπ, qπ, and rπ. We would like to emphasize that “∆(p, q, r)” is different from the triangle group
(e1, e2, e3) as e1, e2, e3 are the denominators of p, q, r when they are written in lowest terms as
rational numbers.
Theorem 2. (Schwarz) Let f, g be two independent solutions to HDE(a, b; c;λ) at a point z ∈ H,
and let p = |1− c|, q = |c−a− b|, and r = |a− b|. Then the Schwarz map D = f/g gives a bijection
from H ∪ R onto a curvilinear triangle with vertices D(0),D(1),D(∞), and corresponding angles
pπ, qπ, rπ.
Example 1. When a = 16 , b =
1
3 , c =
5
6 , p = |1 − c| = 16 , q = |c− a− b| = 13 , r = |a− b| = 16 . The
corresponding triangle group is (6, 3, 6) ≃ (3, 6, 6).
2.3. Generalized Legendre Curves. When c > b > 0, a formula of Euler (see [2]) says
(2) P(λ) :=
∫ 1
0
xb−1(1− x)c−b−1(1− λx)−adx = 2F1
[
a b
c
; λ
]
·B(b, c− b).
The restriction c > b > 0 is to ensure convergence and can be dropped if we take the Pochhammer
contour γ01 as the integration path [18, 41]. If b, c − b 6∈ Z, which we assume below, then the
integral above satisfies
P(λ) = 1
(1− e2πib) (1− e2πi(c−b))
∫
γ01
xb−1(1− x)c−b−1(1− λx)−adx,
and is a period of an algebraic curve, depending on a, b, c. As (1− e2πib)(1− e2πi(c−b)) ∈ Q, we will
use (2) to compute the periods below as our criterion lies in the algebraicity of the ratio of two
certain periods. Following Wolfart [35], for λ 6= 0, 1, the curve containing this period can be given
by the smooth model of
C
[N ;i,j,k]
λ : y
N = xi(1− x)j(1− λx)k,
where N is the least common denominator of a, b, and c, and the integers i, j, k are defined by
i = N · (1− b), j = N · (1+ b− c), and k = N ·a. Consequently, gcd(i, j, k) is coprime to N . We call
such a curve C
[N ;i,j,k]
λ a generalized Legendre curve. It is an N -fold cover of CP
1 which ramifies at
0, 1,∞, and 1λ . When N | i + j + k, one can rewrite C
[N ;i,j,k]
λ as y
N = xi(1 − x)j by moving 1λ to
infinity. In this paper we assume 1 ≤ i, j, k < N , N ∤ i+ j + k, and gcd(i, j, k) is coprime to N .
Using the conversion between (a, b, c) and (i, j, k,N), we can write
P(λ) = B
(
N − i
N
,
N − j
N
)
· 2F1
[
k
N
N−i
N
2N−i−j
N
; λ
]
.
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By Theorem 2, this corresponds to a Schwarz triangle with angles |N−i−jN |π, |N−j−kN |π, and
|N−i−kN |π. In this paper, we will exclude the possibility that that the sum of these three angles is
0 or π. 1
For a fixed curve C
[N ;i,j,k]
λ , we let X(λ) := X
[N ;i,j,k]
λ be the desingularization of C
[N ;i,j,k]
λ . The
genus of X(λ) is given by (see [3])
(3) g(X(λ)) = 1 +N − gcd(N, i+ j + k) + gcd(N, i) + gcd(N, j) + gcd(N, k)
2
.
Let ζ ∈ µN , the multiplicative group of Nth roots of unity. For X(λ), the automorphism induced
by Aζ : (x, y) 7→ (x, ζ−1y) on C [N ;i,j,k]λ plays a central role; it induces a representation of Z/NZ on
the vector space H0(X(λ),Ω1) of the holomorphic differential 1-forms on X(λ).
2.4. Holomorphic differential 1-forms on X
[N ;i,j,k]
λ . Most of the discussion here can be found
in [3, 35]. A basis of H0(X(λ),Ω1) is given by the regular pull-backs of differentials on C
[N ;i,j,k]
λ of
the form
(4) ω =
xb0(1− x)b1(1− λx)b2dx
yn
, 0 ≤ n ≤ N − 1, bi ∈ Z,
satisfying the following conditions equivalent to the pullback of ω being regular at 0, 1, 1λ ,∞ re-
spectively.
b0 ≥ ni+ gcd(N, i)
N
− 1, b1 ≥ nj + gcd(N, j)
N
− 1, b2 ≥ nk + gcd(N, k)
N
− 1,
(5) b0 + b1 + b2 ≤ n(i+ j + k)− gcd(N, i + j + k)
N
− 1.
For each 0 ≤ n < N , we let Vn denote the isotypical component of H0(X(λ),Ω1) associated to
the character χn : ζN 7→ ζnN . Then the space H0(X(λ),Ω1) is decomposed into a direct sum
N−1⊕
n=0
Vn.
If gcd(n,N) = 1, the dimension of Vn is given by dimVn =
{
ni
N
}
+
{
nj
N
}
+
{
nk
N
} − {n(i+j+k)N } ,
where {x} = x− ⌊x⌋ denotes the fractional part of x, see [3]. Furthermore,
dimVn + dimVN−n = 2.
The elements of Vn with gcd(n,N) = 1 are said to be new. The subspace
H0(X(λ),Ω1)new =
⊕
gcd(n,N)=1
Vn
is of dimension ϕ(N), Euler’s totient function of N .
1If the sum is 0, then i = j = k = N
2
which corresponds to the triangle group (∞,∞,∞) with cusps. If the sum is
π, getting rid of the absolute values, we get that the sum is either |N−2i
N
|π, |N−2j
N
|π, |N−2k
N
|π, or | 3N−2i−2j−2k
N
|π. As
1 ≤ i, j, k < N , the first three possibilities won’t occur. The remaining possibility is that | 3N−2i−2j−2k
N
|π = π, which
implies that i+ j+ k = N or i+ j+ k = 2N . In either case, ∞ is not a singularity for the generalized Legendre curve
C
[N;i,j,k]
λ , as we discussed earlier.
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2.5. Differentials of the second kind on X
[N ;i,j,k]
λ . The de Rham space, denoted byH
1
DR(X(λ),C),
for X
[N ;i,j,k]
λ is the space of closed differential forms of the second kind on X
[N ;i,j,k]
λ , modulo exact
differentials. It also admits the induced action of Z/NZ via the maps Aζ on C
[N ;i,j,k]
λ . Thus, com-
paring with §2.4, H1DR(X(λ),C) also decomposes into eigenspaces Ln associated to the character
χn : ζN 7→ ζnN . In particular, Vn is a subspace of Ln. When (n,N) = 1, dimLn = 2. (See [27] for
more details.)
2.6. Abelian varieties. From the Jacobian of X
[N ;i,j,k]
λ , one can construct a dimension g(X(λ))
(see (3)) abelian variety Jλ := J
[N ;i,j,k]
λ defined over Q(λ). For each n | N , J [n;i,j,k]λ is a natural
quotient of J
[N ;i,j,k]
λ and thus J
[n;i,j,k]
λ is isomorphic to an abelian subvariety of Jλ. Let J
new
λ be the
primitive part of Jλ so that its intersection with any abelian subvariety isomorphic to J
[n;i,j,k]
λ for
each n | N is zero. Archinard [4] showed that the dimension of Jnewλ is ϕ(N) when N ∤ i+ j + k; it
can also be seen from the discussion in §2.4.
2.7. Gauss sums and the Gamma function. Here we will recall some results of Yamamoto
[37]. For any Dirichlet character χ modulo p, define the Gauss sum g(χ) over Fp by
g(χ) =
∑
x∈Fp
χ(x)ζxp .
Recall that the Jacobi sum of two characters χ1, χ2 is
(6) J(χ1, χ2) =
∑
x∈Fp
χ1(x)χ2(1− x).
When χ1χ2 6= ε, J(χ1, χ2) = g(χ1)g(χ2)g(χ1χ2) . (Note that these definitions differ by a sign from those
in Yamamoto [37].) Gauss sums (resp. Jacobi sums) are analogues of the Gamma function (resp.
Beta function) over finite fields. For instance, one can compare (6) with the integral formula for
the Beta function. They also satisfy similar functional equations. When χ ∈ F̂×p
(7) g(χ)g(χ) = p, if χ 6= ε,
which is the analogue of the reflection formula for Γ(·)
(8) Γ(z)Γ(1 − z) = π
sin(πz)
.
The Hasse-Davenport relation for Gauss sums can be written as
(9) g(χℓa) = (−1)ℓχ(ℓℓa−M/2)χ(2M/2)1−ℓg(χM/2)1−ℓ
ℓ−1∏
j=0
g(χa+(M/ℓ)j)
where a ∈ Z, M is any even integer that divides p− 1, ℓ divides M , and χ is an order M Dirichlet
character modulo p. We note that this differs by a factor of (−1)ℓ from Yamamoto (see (2) in [37])
due to our choices of Gauss and Jacobi sums. This is an analogue of the multiplication formula for
Γ(·),
(10) Γ(ℓz) = ℓ(ℓz−
1
2
)2
(1−ℓ)
2 Γ
(
1
2
)1−ℓ
·
ℓ−1∏
j=0
Γ
(
z +
j
ℓ
)
.
In [37], Yamamoto proved a conjecture of Hasse which says the following:
5
Theorem 3 (Yamamoto). Let M ≥ 4 be an even integer, p ≡ 1 (mod M) be a prime, then (7)
and (9) are the only two relations connecting the Gauss sums g(χ) for χ ∈ F̂×p satisfying χM = ε,
when considered as ideals in the ring of algebraic integers.
In [38], Yamamoto classified additional relations between Gauss sums due to sign ambiguity,
which do not occur in any of our settings.
In comparison, for any integer i coprime toM and any χ ∈ F̂×p of orderM , we have the following
“analogy”
i
M ⇐⇒ χi
1
2 ⇐⇒ χM/2
Γ( iM ) ⇐⇒ g(χi)
B( iM ,
j
M ) ⇐⇒ J(χi, χj).
Lemma 4. Let M ≥ 4 be an even integer and i, j, k ∈ Z such that M does not divide any of
i, j, k, k − i, k − j. If for any prime p ≡ 1 (mod M) and any η ∈ F̂×p of order M , the quotient
F (η) := J(ηj , ηk−j)/J(ηi, ηk−i) is a character, by which we mean it is a homomorphism from the
group of order M characters in F̂p to C
×, then B( jM ,
k−j
M )/B(
i
M ,
k−i
M ) is an algebraic number.
We remark that in Lemma 4, a particularly convenient choice for η is the Teichmuller character
raised to the power −p−1M , i.e. η(x) ≡ x−
p−1
M (mod p) for all x ∈ Fp. See [12] for more details.
Proof. By Theorem 3, J(ηj , ηk−j)/J(ηi, ηk−i) can be reduced to a character using only the rela-
tions (7) and (9). By (9), when
g(χℓa)
g(χM/2)1−ℓ
∏ℓ−1
j=0 g(χ
a+(M/ℓ)j)
is a character, then (10) says that
Γ( ℓaM )
Γ(12)
1−ℓ∏ℓ−1
j=0 Γ(
a
M +
j
ℓ )
is algebraic. Thus if (7) is needed to reduce J(ηj , ηk−j)/J(ηi, ηk−i) to a
character which is of norm one, then it will be used equally many times on the denominator and
numerator. Thus, one will use the reflection formula (8) equally many times on the denominator
and numerator of B( jM ,
k−j
M )/B(
i
M ,
k−i
M ), which yields that the Beta ratio is algebraic. 
Example 2. Let p ≡ 1 (mod 10) be prime and η ∈ F̂×p of order 10. Then
J(η, η6)/J(η2, η5) = η(−1)J(η, η5)/J(η2, η4) = η8(2).
This can be deduced from [9, Chapter 3] or from (7) and (9). In comparison
B
(
1
10
,
6
10
)/
B
(
2
10
,
5
10
)
= 2
4
5 .
3. Counting points on generalized Legendre curves
3.1. Preliminaries. Let p be an odd prime and q = ps. We recall the 2F1 hypergeometric function
over Fq:
Definition 5 ([15], Def. 3.5). For A, B, and C in F̂×q and λ ∈ Fq, define
2F1
(
A B
C
;λ
)
q
:= ε(λ)
BC(−1)
q
∑
x∈Fq
B(x)BC(1− x)A(1− λx).
Theorem 6 ([15], Thm. 3.6). Assume notation as above. Then,
2F1
(
A B
C
;λ
)
q
=
q
q − 1
∑
χ∈̂F×q
(
Aχ
χ
)(
Bχ
Cχ
)
χ(λ),
6
where
(
A
B
)
:=
B(−1)
q
J(A,B) =
B(−1)
q
∑
x∈Fq
A(x)B(1− x).
Lemma 7. If A,B,AC,BC 6= ε
J(A,C) · 2F1
(
A B
C
;λ
)
q
= J(B,C) · 2F1
(
B A
C
;λ
)
q
.
Proof. By Theorem 6,
2F1
(
A B
C
;λ
)
q
=
C(−1)
q(q − 1)
∑
χ∈̂F×q
J(Aχ,χ)J(Bχ,Cχ)χ(λ).
Then the Lemma follows from the relation between Jacobi and Gauss sums, in particular
J(A,C)g(B)g(AC) = J(B,C)g(A)g(BC).

As an immediate consequence when C = ε, we have the following corollary.
Corollary 8. For any A,B ∈ F̂×q ,
2F1
(
A B
ε
;λ
)
q
= 2F1
(
B A
ε
;λ
)
q
.
We are now ready to prove one of the key results that we will use later.
Proposition 9. If A,B,C ∈ F̂×q , A,B 6= ε, A,B 6= C, and λ ∈ Fq \ {0, 1}, then
2F1
(
A B
C
;λ
)
q
= AB(−1)C(−λ)CAB(1− λ)J(B,BC)
J(A,AC)
2F1
(
A B
C
;λ
)
q
.
Proof. The key ingredients of this proof are the transformation formulas Theorem 4.4 parts (i) and
(iv) in Greene’s paper [15] and the identity in Lemma 7. Greene’s formulas are stated as
2F1
(
A B
C
;λ
)
q
= A(−1) 2F1
(
A B
ABC
; 1− λ
)
q
+A(−1)
(
B
AC
)
δ(1 − λ)−
(
B
C
)
δ(λ)
2F1
(
A B
C
;λ
)
q
= C(−1)CAB(1− λ) 2F1
(
CA CB
C
;λ
)
q
+A(−1)
(
B
AC
)
δ(1 − λ),
where
δ(x) =
{
1, if x = 0,
0, if x 6= 0.
7
For λ 6= 0, 1, from the transformation formulas, we have
2F1
(
A B
C
;λ
)
q
= A(−1) 2F1
(
A B
ABC
; 1− λ
)
q
= BC(−1)C(λ) 2F1
(
BC AC
ABC
; 1− λ
)
q
= C(λ) 2F1
(
BC AC
C
;λ
)
q
= C(−λ)ABC(1− λ) 2F1
(
B A
C
;λ
)
q
.
By Lemma 7 and the fact J(A,C)J(A,C) = J(B,C)J(B,C) = q, one has
J(A,C) 2F1
(
A B
C
;λ
)
q
= C(−λ)CAB(1− λ)J(B,C) 2F1
(
A B
C
;λ
)
q
.
Our claim follows from the fact that
J(χ,ψχ) = χ(−1)J(χ,ψ), if ψ,χ 6= ε.

3.2. Desingularization for C
[N ;i,j,k]
λ . Recall that, C
[N ;i,j,k]
λ has 4 singularities: 0, 1,∞, 1λ . Upon
choosing a suitable uniformizer s at each singularity, the curve is of the form tN = snf(s) with
f(s) ∈ Q(λ)[s], f(0) 6= 0 where t is a rational function of s and y. For instance near zero, letting
s = x and t = y, it is tN = sif(s), with f(s) = (1−s)j(1−λs)k. Similarly, near infinity, we let s = 1x
and t = yse where e =
[
i+j+k
N
]
+1 to obtain tN = sn(s−1)j(s−λ)k with n = N+N
[
i+j+k
N
]
−i−j−k.
(We omit the similar discussion for the other two singularities 1, 1λ .)
Now we will resolve the singularity of tN = snf(s) at s = 0. By the division algorithm, there
are two integers u, v such that Nu− nv = gcd(N,n). Letting t = wu and s = wv , tN = snf(s) can
be rewritten as wgcd(N,n) = f(wv). Over a finite field Fq and when s = 0, i.e. w = 0, the point
(s, y) = (0, 0) is resolved to #{w ∈ Fq | wgcd(N,n) = f(0)} points. We let n0, n1, n∞, n 1
λ
denote this
number at the corresponding singularities. For instance, n0 = #{w ∈ Fq : wgcd(N,i) = 1}.
3.3. Counting points on X
[N ;i,j,k]
λ over finite fields. There are multiple ways in which one can
use Gaussian hypergeometric functions to count points on varieties, and these functions are also
related to coefficients of various modular forms including Siegel modular forms [1, 8, 13, 14, 19,
20, 24, 25, 34]. For our purposes, we use a technique similar to one shown in [34]. First, recall the
following well-known and useful lemma:
Lemma 10 ([17], Prop. 8.1.5). If a ∈ F×q and n | (q − 1), then
#{x ∈ Fq : xn = a} =
∑
χn=ε
χ(a),
where the sum runs over all characters χ ∈ F×q whose order divides n.
Also, note that
(11) n0 − 1 =
gcd(N,i)−1∑
m=1
χm(1),
where χ is any order gcd(N, i) character of F×q . There are similar formulas for n1−1, n 1
λ
−1, n∞−1.
8
Theorem 11. Let p > 3 be prime and q = ps ≡ 1 (mod N), and let i, j, k be natural numbers with
1 ≤ i, j, k < N . Further, let ξ ∈ F̂×q be a character of order N . Then for λ ∈ Fq \ {0, 1},
#X
[N ;i,j,k]
λ (Fq) = 1 + q + q
N−1∑
m=1
ξmj(−1) 2F1
(
ξ−km ξim
ξm(i+j)
;λ
)
q
+ n0 + n1 + n 1
λ
+ n∞ − 4,
where n0, n1, n 1
λ
, n∞ are as before.
Proof. At infinity, there are n∞ points which correspond to 1x = 0. There are an additional
n0 + n1 + n 1
λ
− 3 points from other singularities. Thus,
#Xλ
[N ;i,j,k](Fq)
=
∑
x∈Fq
#{y ∈ Fq : yN = xi(1− x)j(1− λx)k}+ n∞ + n0 + n1 + n 1
λ
− 3
=
∑
x∈Fq
#{y ∈ F×q : yN = xi(1− x)j(1− λx)k}
+#{x ∈ Fq : xi(1− x)j(1− λx)k = 0}+ n∞ + n0 + n1 + n 1
λ
− 3.
=
∑
x∈Fq
#{y ∈ F×q : yN = xi(1− x)j(1− λx)k}+ n∞ + n0 + n1 + n 1
λ
.
Now we apply Lemma 10 to the first sum, recalling that ξ is of order N .
#X
[N ;i,j,k]
λ (Fq) =
∑
x∈Fq
N−1∑
m=0
ξm(xi(1− x)j(1− λx)k) + n∞ + n0 + n1 + n 1
λ
=
∑
x∈Fq
ε(xi(1− x)j(1− λx)k) +
∑
x∈Fq
N−1∑
m=1
ξm(xi(1− x)j(1− λx)k)
+ n∞ + n0 + n1 + n 1
λ
= q − 3 +
∑
x∈Fq
N−1∑
m=1
ξm(xi(1− x)j(1− λx)k) + n∞ + n0 + n1 + n 1
λ
= 1 + q +
∑
x∈Fq
N−1∑
m=1
ξm(xi(1− x)j(1− λx)k) + n∞ + n0 + n1 + n 1
λ
− 4.
Meanwhile, using Definition 5, we have
q · 2F1
(
ξ−km ξim
ξm(i+j)
;λ
)
q
= ε(λ)ξm(2i+j)(−1)
∑
x∈Fq
ξim(x)ξimξm(i+j)(1− x)ξ−km(1− λx)
= ε(λ)ξmj(−1)
∑
x∈Fq
ξm(xi(1− x)j(1− λx)k).

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3.4. Galois representations. For simplicity, we assume λ ∈ Q here. One can construct a com-
patible family of degree-2g representations
(12) ρ : GQ := Gal(Q/Q)→ GL2g(Qℓ)
via the Tate module of the Jacobian J
[N ;i,j,k]
λ of X
[N ;i,j,k]
λ . We now let ℓ be a fixed prime. Recall
that g is the genus of X
[N ;i,j,k]
λ as in (3). We have the lemma below which follows from the relation
between the Galois representations and local L-functions for algebraic curves. Let p be a prime
unramified for ρ, q = ps be a power of p. For the conjugacy class of geometric Frobenius Frobq in
GQ,
−Trρ(Frobq) =
N−1∑
m=1
∑
x∈Fq
ξm(xi(1− x)j(1− λx)k) + n∞ + n0 + n1 + n 1
λ
− 4.
From previous discussions, n0 − 1 =
∑gcd(N,i)−1
m=1
(
ξN/ gcd(N,i)
)m
(1). We can write n∞ − 1, n1 −
1, n 1
λ
− 1 similarly. Thus we can write
−Trρ(Frobq) =
N−1∑
m=1
∑
x∈Fq
∗ξm(xi(1− x)j(1− λx)k),
where ∗ means we disperse the formulas for n0 − 1, n∞ − 1, n1 − 1, n 1
λ
− 1 like (11) to summands
corresponding to the characters involved. We assume that N ∤ i+ j + k.
Lemma 12. When (m,N) = 1,
(13)
∑
x∈Fq
∗ξm(xi(1− x)j(1− λx)k) =
∑
x∈Fq
ξm(xi(1− x)j(1− λx)k)
= qε(λ)ξmj(−1) · 2F1
(
ξ−km ξim
ξm(i+j)
;λ
)
q
.
Each map Aζ : (x, y) 7→ (x, ζ−1y) on C [N ;i,j,k]λ induces an automorphism on X
[N ;i,j,k]
λ , J
[N ;i,j,k]
λ
as well as the representation space W of ρ, which will be denoted by A∗ζ for simplicity. Thus
W also decomposes into isotypic spaces Wm of A
∗
ζ for each character χ : ζN 7→ ζmN . As A∗ζ is
defined over Q(ζN ), the restriction of ρ to H = Gal(Q/Q(ζN )) decomposes into a direct sum
⊕N−1m=1σm where Wm is the representation space of σm respectively. For any proper divisor n of N ,
the corresponding Jacobian J
[n;i,j,k]
λ is a quotient of J
[N ;i,j,k]
λ . Thus, the Galois representation for
J
[n;i,j,k]
λ is a subrepresentation of that for J
[N ;i,j,k]
λ . There is a degree 2ϕ(N) subrepresentation ρ
new
of ρ that corresponds to Jnewλ . AssumingEnd0(J
new
λ ) is not a CM field, we know ρ
new = Ind
GQ
GQ(ζN )
σ1
is an induction with σ1 being absolutely irreducible for almost all primes ℓ. It is enough to fix one
such ℓ to proceed.
Below we will separate the sub-representations σm by twisting the corresponding generalized
Legendre curves.
Proposition 13. Given the notation above, suppose λ ∈ Q where End0(Jnewλ ) is not a CM field
and is of degree 2ϕ(N), p is unramified for ρ such that λ 6≡ 0, 1 (mod p), and p splits in Q(ζN ).
Then, when (m,N) = 1, the values
Trσm(Frobq) and −
∑
x∈Fq
∗ξm(xi(1− x)j(1− λx)k)
agree up to different embeddings of Q(ζN ) in C.
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Proof. Assume q = ps is fixed. Let c ∈ Q such that xN = c is irreducible over Fq. Let F =
Q(ζN )( N
√
c) be a degree-N extension of Q(ζN ).
Now consider the family of twisted curves
Xm(λ) : y
N = cm · xi(1− x)j(1− λx)k,
and denote X
[N ;i,j,k]
λ by X0(λ). Over F , Xm−1(λ) is isomorphic to Xm(λ) by the map T : (x, y) 7→
(x, yN√c). Let ρm denote the ℓ-adic representation corresponding to Xm(λ) over Qℓ. It has a degree-
2ϕ(N) primitive part ρnewm , which is also induced from a degree-2 representation σ1,m of GQ(ζN ).
We can assume σ1,m is strongly irreducible. As σ1,m and σ1 are both strongly irreducible and are
isomorphic when they are restricted to GF , they differ by a character χm of GQ(ζN ) with kernel
GF (see [11], Theorem 5). By the choice of c, χm(Frobq) is a root of unity denoted by µN,m; it is
primitive when gcd(m,N) = 1. The map T induces an intertwining operator between ρnewm−1 and
ρnewm . Thus for any v ∈W1 the representation space of σ1, T (σ1(Frobq) · v) = µN,1σ1(Frobq) · (Tv)
and T 2(σ1(Frobq) · v) = T (µN,1σ1(Frobq) · Tv)) = µN,1T (σ1(Frobq) · Tv)) = µ2N,1σ1(Frobq) · (T 2v),
so σ1,2(Frobq) = µ
2
N,1σ1(Frobq). By induction, µN,m = µ
m
N,1.
From the counting points on finite field perspective,
−Trρnewm (Frobq) =
∑
(n,N)=1
∑
x∈Fp
ξn(cmxi(1− x)j(1− λx)k)
=
∑
(n,N)=1
(ξn(c))m
∑
x∈Fq
ξn(xi(1− x)j(1− λx)k).
Since ξ has order N and by the choice of c, ξ(c) is a primitive Nth root of unity. Meanwhile, we
can also compute the same quantity using ρnewm being induced from σ1,m. Combining them, we get
a system of ϕ(N) equations when we let m ∈ (Z/NZ)×. Writing the system in the matrix form, we
have on one hand a ϕ(N) × ϕ(N) matrix (ξ(c)mn)m,n∈(Z/NZ)× times a column vector with entries
−∑x∈Fp ξn(xi(1−x)j(1−λx)k), with (n,N) = 1; on the other hand, we have another ϕ(N)×ϕ(N)
matrix (µmnN,1)m,n∈(Z/NZ)× times a column vector with entries Trσn(Frobp). Our claims follow from
the fact that the matrices are both invertible and are different by a permutation matrix. 
Corollary 14. Given assumptions as above,
Trσm(Frobq) and − 2F1
(
ξ−km ξim
ξm(i+j)
;λ
)
q
· ξmj(−1)q
agree up to different embeddings of Q(ζN ) in C.
As N ∤ i+ j + k, for a generic choice of λ in a totally real field both σm and σN−m are strongly
irreducible. Below, we summarize a result in [5] on 4-dimensional Galois representations with
Quaternionic Multiplication. Previous discussions on this topic include [6, 16].
Proposition 15. Let ϕ(N) = 2, with previous assumptions and notation. If End0(J
new
λ ) contains
a quaternion algebra, then the corresponding representations σ1 and σN−1 of GQ(ζN ), which are
assumed to be absolutely irreducible, differ by a character.
Proof. Corresponding to Jnewλ is a compatible family of 4-dimensional ℓ-adic representations π
of GQ such that π|GQ(ζN ) = σ1 ⊕ σN−1. If End0(J
new
λ ) contains a quaternion algebra, from the
discussion below in section 5 we can see that there are two endomorphisms I, J of Jnewλ such that
I2 and J2 are scalars and IJ = −JI. Following the discussion in Section 3 of [5], if F is a Galois
extension of Q over which both associated actions I and J on W are defined, then σ1|GF and
σN−1|GF are isomorphic. As we assume both σn and σN−n are strongly irreducible, σ1 and σN−1
differ by a character of GQ(ζN ), following a result of Clifford [11, Theorem 5]. 
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Proposition 16. Assume that N ∤ i + j + k and N = 4, 6. If for any λ ∈ Q, σ1 and σN−1 differ
by a character, then B
(
−k
N ,
(i+j+k)
N
)/
B
(
i
N ,
j
N
)
∈ Q.
Proof. Let p > 5 be a prime that is congruent to 1 modulo N . Then by the previous two results
and Proposition 9, for any η ∈ F̂×p of order N , J(η−k, η(i+j+k))/J(ηi, ηj) has to be a character. Our
claim follows from Proposition 4. 
4. Proof of the Theorem 1 and remarks
4.1. Proof of the Theorem 1. As we have seen in §2.6, when ϕ(N) = 2, Jnewλ is a 2-dimensional
abelian variety over Q(λ). We now consider when End0(J
new
λ ) contains a quaternion algebra for
each λ ∈ Q.
As C
[N ;i,j,k]
λ is an N -fold cover of CP
1 generically with 4 singularities 0, 1, 1λ ,∞, one will pick
up two independent Pochhammer contours γ01 and γ 1
λ
∞. The corresponding periods are algebraic
multiples of
∫
γ01
ω and
∫
γ 1
λ
∞
ω, where ω is a differential of the first or second kind on X(λ) :=
X
[N ;i,j,k]
λ [41].
Recall our discussion of holomorphic differentials onX(λ) in §2.3. Let xb−1(1− x)c−b−1(1− λx)−adx
be any differential ω on X(λ). We are going to integrate it along two different cycles, denoted by
γ01 and γ 1
λ
∞, corresponding to the two following integrals respectively
∫ 1
0
ω = B(b, c− b) 2F1
[
a b
c
; λ
]
,(14)
(15)
∫ ∞
1
λ
ω = (−1)c−a−b−1λ1−c
∫ 1
0
xa−c(1− x)−a(1− λx)c−b−1dx
= (−1)c−a−b−1λ1−cB(1 + a− c, 1 − a) 2F1
[
1 + b− c 1 + a− c
2− c ; λ
]
,
which are two independent solutions of the HDE(a, b; c;λ) when c is not an integer.
When N = 3, 4, 6, (Z/NZ)× = {1, N − 1}. In this case,
ω1 =
dx
y
=
dx
N
√
xi(1− x)j(1− λx)k ∈ L1
ωN−1 :=
xi−1(1− x)j−1(1− λx)k−1dx
yN−1
=
dx
N
√
xN−i(1− x)N−j(1− λx)N−k ∈ LN−1
are differentials of Jnewλ of the second kind.
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Thus letting a = kN , b =
N−i
N , c =
2N−i−j
N in (14) and (15) we get
τ1 =
∫ 1
0
ω1 = B
(
N − i
N
,
N − j
N
)
2F1
[
k
N
N−i
N
2N−i−j
N
;λ
]
,
τ ′1 =
∫ ∞
1
λ
ω1 = (−1)−
k+j
N λ
i+j−N
N B
(
i+ j + k −N
N
,
N − k
N
)
2F1
[
j
N
i+j+k−N
N
i+j
N
;λ
]
,
τN−1 =
∫ 1
0
ωN−1 = B
(
i
N
,
j
N
)
2F1
[
N−k
N
i
N
i+j
N
;λ
]
,
τ ′N−1 =
∫ ∞
1
λ
ωN−1
= (−1)k+jN λN−i−jN B
(
2N − i− j − k
N
,
k
N
)
2F1
[
N−j
N
2N−i−j−k
N
2N−i−j
N
;λ
]
.
By Euler’s transformation formula
2F1
[
a b
c
; λ
]
= (1− λ)c−a−b2F1
[
c− a c− b
c
;λ
]
(see [2, Theorem 2.2.5]), τ ′1 is related to τN−1:
τ ′1 = (−1)−
k+j
N λ
i+j−N
N (1− λ)N−j−kN B
(
i+ j + k −N
N
,
N − k
N
)
2F1
[
N−k
N
i
N
i+j
N
;λ
]
.
Similarly τ ′N−1 is related to τ1 as
τ ′N−1 = (−1)
k+j
N λ
N−i−j
N (1− λ)k+j−NN B
(
2N − i− j − k
N
,
k
N
)
2F1
[
k
N
N−i
N
2N−i−j
N
;λ
]
.
Thus we have
τ ′N−1/τ1 = α(λ)
Γ
(
2− i+j+kN
)
Γ
(
k
N
)
Γ
(
1− iN
)
Γ
(
1− jN
) , τ ′1/τN−1 = Γ
(
i+j+k
N − 1
)
Γ
(
1− kN
)
α(λ)Γ
(
i
N
)
Γ
(
j
N
) ,
where α(λ) = (−1)k+jN λN−i−jN (1− λ)k+j−NN . Therefore,
(16) γ =
τ ′1τ
′
N−1
τ1τN−1
=
(
sin iN π
)(
sin jN π
)
(
sin kN π
) (
sin 2N−i−j−kN π
) ∈ Q(ζN + ζ−1N ).
Theorem 17. (Wu¨stholz [36]) Let A be an abelian variety isogenous over Q to the direct product
An11 ×· · ·×Ankk of simple, pairwise non-isogenous abelian varieties Aµ defined over Q, µ = 1, . . . , k.
Let ΛQ(A) denote the space of all periods of differentials, defined over Q, of the first kind and the
second on A. Then the vector space V̂A over Q generated by 1, 2πi, and ΛQ(A), has dimension
dimQ V̂A = 2 + 4
k∑
ν=1
dimA2ν
dimQ(End0Aν)
.
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This version of Wu¨stholz’s result is given by Cohen in [27, Appendix].
Assume that λ ∈ Q and Jnewλ does not admit CM. In this case, Theorem 17 implies that for the
2-dimensional abelian variety Jnewλ , its periods of the first and second kinds plus 1 and 2πi span
the vector space of dimension 10 (or 6) over Q. When
Γ(2− i+j+kN )Γ( kN )
Γ(1− iN )Γ(1−
j
N )
is an algebraic number, the
dimension is less than 9 as τ1 and τ
′
N1
(resp. τ ′1 and τN−1) are algebraic multiples of each other.
Assuming non-CM, the dimension has to be 6. This happens if and only if Jnewλ is either a direct
sum of two elliptic curves, in which case End0(J
new
λ ) is a matrix algebra, or J
new
λ is a simple abelian
variety whose endomorphism algebra is a division algebra. In either case, the endomorphism algebra
is a quaternion algebra.
4.2. A few remarks. Independent of Theorem 17, one can conclude for the cases when N = 4, 6,
that if End0(J
new
λ ) contains a quaternion algebra for a generic λ ∈ Q, then the Beta quotient is
algebraic. By the previous discussion, σ1 and σN−1, whose traces can be computed by Gaussian
hypergeometric functions, always differ by a character, which yields an algebraic Beta quotient by
Yamamoto’s result. The useful fact for us is that for general N we can compute dimQ V̂Jnewλ for a
generic λ ∈ Q using Galois representations.
So far, we cannot tell the decomposition of Jnewλ using Galois representations. However, the
period matrix can be used to determine the endomorphism algebra and the decomposition of Jnewλ ,
which will be discussed next.
5. Periods and endomorphisms
We now assume that 1 ≤ i, j, k < N , gcd(N, i, j, k) = 1, N ∤ i+ j, nor i+ j + k and λ 6= 0, 1. Let
S be a basis of H0(X(λ),Ω1)new collecting differentials of the form ω = xb0(1−x)b1(1−λx)b2dx/yn
as in (2) with (n,N) = 1 . In [35, Satz 1], Wolfart shows that the Jacobian subvariety Jnewλ is
isogenious to Cϕ(N)/Λ(λ), where
Λ(λ) =

σn(u)∫
γ01
ω + σn(v)
∫
γ 1
λ
∞
ω

ω∈S
: u, v ∈ Z[ζN ]
 ,
and σn is the element of Gal(Q(ζN )/Q) such that σn(ζN ) = ζ
n
N . In particular, when N < i+j+k <
2N , the holomorphic differential 1-forms are given by ωn = dx/y
n with (n,N) = 1. This means
the lattice Λ(λ) can be identified with the Z-module generated by the 2ϕ(N) columns(
σn(ζ
i
N )
∫
γ01
ωn
)
i
,
σn(ζ iN )∫
γ 1
λ
∞
ωn

i
, (n,N) = 1,
for i = 0, . . . , ϕ(N) − 1. For n = 1, N − 1, the periods can be computed as before. A similar
computation applies to each n with (N,n) = 1. Furthermore, if i+ j 6= N , a period matrix of the
complex tori Cϕ(N)/Λ(λ) can be written as the ϕ(N)-by-2ϕ(N) matrix,(σn(ζ iN )∫
γ01
ωn,
)
|
σn(ζ iN )∫
γ 1
λ
∞
ωn
 ,
where the indices n, and i run over all (N,n) = 1, and 0, · · · , ϕ(N) − 1, respectively.
Example 3. For the curve X
[6;4,3,1]
λ , the corresponding period matrix is given by(
τ1 ζτ1 β1τ3 ζβ1τ3
τ3 ζ
−1τ3 β2τ1 ζ−1β2τ1
)
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where
τ1 = B (1/3, 1/2) 2F1
[1
6
1
3
5
6
;λ
]
, τ3 = B (2/3, 1/2) 2F1
[5
6
2
3
7
6
;λ
]
,
β1 = (−1)−2/3
(
λ1/6(1− λ)1/3 3
√
2
)
, β2 = (−1)2/3
(
λ−1/6(1− λ)−1/3 3
√
4
)
,
and β1β2 = 2. From this, we can see that the endomorphisms(
ζ 0
0 ζ−1
)
,
(
0 β1
β2 0
)
are contained in the End0(J
new
λ ). For a generic choice of λ ∈ Q (non-CM case), these two generate
End0(J
new
λ ) which is isomorphic to
(
−3,2
Q
)
.
In view of the Gaussian hypergeometric functions, we have for any prime p ≡ 1 (mod 6) and
η ∈ F̂×p of order 6
(17) 2F1
(
η η2
η
;λ
)
p
= η(λ)η2
(
1− λ
4
)
2F1
(
η η2
η
;λ
)
p
,
where η is a character in F̂×p of order 6 with η(0) = 0. This equality follows by Proposition 9 and
[9, Chapter 3].
In general, when N = 3, 4, 6, a period matrix of C2/Λ corresponding to Jnewλ is given by(
τ1 ζNτ1 α(λ)βτ2 ζNα(λ)βτ2
τ2 ζ
−1
N τ2 γτ1/βα(λ) ζ
−1
N γτ1/βα(λ)
)
,
where
τ1 =
∫
γ01
ω1, τ2 =
∫
γ01
ωN−1,
β = B
(
i+ j + k −N
N
,
N − k
N
)
/B
(
i
N
,
j
N
)
and α(λ), γ are the same notations in equation (16). Thus, if β ∈ Q then End(Jnewλ ) contains the
endomorphisms
E =
(
ζN 0
0 ζ−1N
)
, J =
(
0 α(λ)β
γ
α(λ)β 0
)
.
Furthermore, it contains the quaternion algebra defined over Q generated by I = 2E − (ζN + ζ−1N )
and J with
I2 =
(
ζN − ζ−1N
)2
, J2 = γ ∈ Q(ζN + ζ−1N ),
the field Q(ζN + ζ
−1
N ) is Q when N = 3, 4, 6.
6. 2-dimensional abelian varieties related to (3,6,6)
Now we compare our result with a discussion in [26] for (3,6,6). We note our notation differs
from [26] by changing s2 to s. Consider the family of Picard curves
C ′(s) : w3 = z(z − 1) ((z − 1/2)2 − s/4) ,
which are isomorphic to
C(s) : w3 = (z2 − 1/4) (z2 − s/4) .
The Jacobians of these genus 3 Picard curves decompose into a direct sum of a CM elliptic curve
E′(s) and a 2-dimensional abelian variety A′(s) such that for each s ∈ Q \ {0, 1}, End0(A′(s))
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contains
(
−3,2
Q
)
(see [26]). In other words, one can take A′(s), up to isogeny, to be the family of
genus 2 curves with QM by
(
−3,2
Q
)
above the Shimura curve for (3, 6, 6).
In [26], it is shown that the holomorphic differential dzw on C
′(s) satisfies an order-2 Picard-Fuchs
equation, with one solution 2F1
[1
6
1
3
5
6
; s
]
. 2
Suppose
Jac(C(s)) = E′(s)⊕A′(s)
and
Jac(X [6;4,3,1]s ) = E(s)⊕A(s),
where for µ = e2πi/3,
E′(s) : w3 = (z − 1/4) (z − s/4) ≃ Cupslope(Zµ+ Z)
and
E(s) : y3 = x4(1− x)3(1− sx)
are both CM elliptic curves, but not isomorphic over Q(s) in general. We then claim that A(s) is
Q-isogenous to A′(s) if s ∈ Q \ {0, 1}.
Theorem 18. Let s ∈ Q, ℓ be prime, and ρ, ρ′ the 4-dimensional ℓ-adic Galois representations of
GQ arising from A(s) and A
′(s), respectively. If both ρ and ρ′ are absolutely irreducible, then they
are isomorphic.
Proof. If both ρ and ρ′ are absolutely irreducible, it suffices to check that they have the same trace
at Frobenius Frobp for almost all unramified primes p > 2. When p ≡ 2 (mod 3), we see that
the traces of Frobp are both zero by the way the algebraic curves y
3 = (x2 − 1/4) (x2 − s/4), and
y6 = x4(1− x)3(1− sx) are presented, and using the fact that y 7→ y3 is a bijection on Fp.
Now we assume p ≡ 1 (mod 3). From the same point-counting technique that we used in §3, it
is sufficient to show that for any η ∈ F̂×p of order 6,
(18)
∑
x∈Fp
[
η2(f(x2)) + η4(f(x2))− η2(f(x))− η4(f(x))]
=
∑
x∈Fp
[
η(g(x)) + η5(g(x))
]
,
where f(x) = (x− 1/4) (x− s/4) and g(x) = x4(1− x)3(1− sx).
Let H = Gal(Q/Q(
√−3)). Both ρ and ρ′ are induced from 2-dimensional Galois representations
of H, i.e. ρ = IndGHσ and ρ
′ = IndGHσ
′, for some 2-dimensional Galois representations σ and σ′
of H. It suffices to check that upon choosing the right σ and σ′ among conjugates, Trσ(Frobp) =
Trσ′(Frobp). In our setting, the claim to be established is
(19)
∑
x∈Fp
[
η2(f(x2))− η2(f(x))] = ∑
x∈Fp
η(g(x)).
Both Trρ(Frobp) and Trρ
′(Frobp) are rational integers with absolute values less than 4 · √p using
the Weil bound. When p > 16, it suffices to check that
Trρ(Frobp) ≡ Trρ′(Frobp) (mod p).
2In [26] the function is listed as 2F1
[ 1
6
, 1
3
2
3
; s
]
, which was a minor error.
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From this argument, (18) will be a consequence of
(20)
∑
x∈Fp
η2(f(x2))− η2(f(x)) ≡
∑
x∈Fp
η(g(x)) (mod p).
To verify (20) modulo p, it suffices to observe that the constants of ((x − 1/4)(x − s/4))(p−1)/3
and ((x2 − 1/4)(x2 − s/4))(p−1)/3 agree, and then prove that the (p − 1)st coefficients of ((x2 −
1/4)(x2 − s/4))(p−1)/3 and (x4(1 − x)3(1 − sx))(p−1)/6 agree modulo p, which is proved in Lemma
19 below. 
Lemma 19. Let p ≡ 1 (mod 3) be prime. The (p−1)st coefficients of ((x2−1/4)(x2−s/4))(p−1)/3
and (x4(1− x)3(1− sx))(p−1)/6 agree modulo p.
Proof. Let f(x), g(x) be defined as in (18), and consider the integer m = (p − 1)/6. Using the
binomial theorem, we see that
f(x2)2m =
[
2m∑
i=0
(
2m
i
)
x2(2m−i)
(−1
4
)i]
·
 2m∑
j=0
(
2m
j
)
x2(2m−j)sj
(−1
4
)j
=
2m∑
i,j=0
(
2m
i
)(
2m
j
)(−1
4
)i+j
sjx8m−2(i+j)
and
g(x)m = x4m ·
[
3m∑
i=0
(
3m
i
)
(−1)3m−ix3m−i
]
·
 m∑
j=0
(
m
j
)
(−1)jsjxj

=
3m∑
i=0
m∑
j=0
(
3m
i
)(
m
j
)
(−1)3m−i+jsjx7m−i+j .
The (p− 1)st coefficient of f(x2)2m occurs when i = m− j, and is thus
m∑
j=0
(
2m
m− j
)(
2m
j
)(−1
4
)m
sj =
m∑
j=0
(2m)!2
(m− j)!(m+ j)!j!(2m − j)!
(−1
4
)m
sj,
and the (p − 1)st coefficient of g(x)m occurs when i = m+ j, and is thus
m∑
j=0
(
3m
m+ j
)(
m
j
)
sj =
m∑
j=0
(3m)!m!
(m+ j)!(2m − j)!j!(m − j)!s
j.
Thus it suffices to show that (3m)!m! ≡ (2m)!2 (−14 )m (mod p). Equivalently, we claim that
2m(3m)!
(2m)!
≡ (−1)
m(2m)!
2mm!
(mod p).
To verify this, observe that since 6m = p− 1,
2m(3m)!/(2m)! = (p − 1)(p − 3) · · · (p− (2m− 1))
≡ (−1)m(2m− 1)(2m− 3) · · · (2m− (2m− 1)) (mod p)
≡ (−1)
m(2m)!
2mm!
(mod p).

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7. Other cases
7.1. X
[3;1,2,1]
λ .
Theorem 20. Let λ ∈ Q \ {0, 1} and ρ be the 4-dimensional Galois representation of GQ arising
from the genus-2 curve y3 = x(x − 1)2(1 − λx). Let ρ′ be the Galois representation of GQ arising
from the elliptic curve y2+ xy+ λ27 = x
3. For any λ ∈ Q such that the elliptic curve does not have
complex multiplication, ρ is isomorphic to ρ′ ⊕ (ρ′ ⊗ χ−3) where χ−3 is the quadratic character of
GQ with kernel GQ(
√−3).
Proof. By the automorphism (x, y) 7→ (x, ζ−13 y), ρ|GQ(√−3) ∼= σ1 ⊕ σ2. By Corollary 8, σ1 ∼= σ2.
Thus each representation can be lifted to a 2-dimensional Galois representation π of GQ. By
Theorem 1.1 of Lennon [21], each σ is isomorphic to ρ′|GQ(√−3). Thus π and ρ′ differ by at most a
character of GQ with kernel containing GQ(
√−3). The last claim follows from Trρ(Frobq) = 0 when
q ≡ 2 (mod 3). 
The relation between the periods are
τ1 = B (1/3, 2/3) 2F1
[1
3
2
3
1
;λ
]
, τ ′1 = −τ1, τ2 = τ1, τ ′2 =− τ1.
For generic choice of λ ∈ Q, End0(Jnewλ ) is a matrix algebra as Jnewλ is isogenous to two elliptic
curves.
From the Galois representation perspective, this case is analogous to the discussion of 4-dimensional
Galois representation admitting QM over a quadratic field in [5]. A special case which arises from
a 4-dimensional Galois representations attached to noncongruence modular forms was discussed
in detail in [22]. The family of elliptic curves y2 + xy + λ27 = x
3 also shows up in [10] on p-adic
analogues of Ramanujan-type formulas for 1/π.
7.2. X
[12;9,5,1]
λ . The arithmetic group Γ = (2, 6, 6) can be realized as the monodromy group of a
period on J
[12;9,5,1]
λ . The quaternion algebra HΓ corresponding to (2,6,6) is the indefinite quaternion
algebra defined over Q with discriminant 6. For the subvariety Jnewλ , the lattice Λ(λ) is generated
by
τ1, ζτ1, ζ
2τ1, iτ1, iλ
1
6ατ3, ζiλ
1
6ατ3, ζ
2iλ
1
6ατ3, −λ 16ατ3
τ3, τ3/ζ, τ3/ζ
2, −iτ3, i2+
√
3
αλ
1
6
τ1, i
2+
√
3
αζλ
1
6
τ1, i
2+
√
3
αζ2λ
1
6
τ1,
2+
√
3
αλ
1
6
τ1
ατ3, ζ
5ατ3, ατ3/ζ
2, iατ3, iτ1/λ
1
6 , ζ5iτ1/λ
1
6 , iτ1/ζ
2λ
1
6 , −τ1/λ 16
2+
√
3
α τ1,
2+
√
3
αζ5 τ1,
2+
√
3
αζ−2 τ1,
2+
√
3
iα τ1, iλ
1
6 τ3, iλ
1
6 τ3/ζ
5, ζ2iλ
1
6 τ3, λ
1
6 τ3
where
τ1 = B (1/4, 7/12) 2F1
[ 1
12
1
4
5
6
;λ
]
, τ3 = B (5/12, 3/4) 2F1
[3
4
11
12
7
6
;λ
]
,
α = (1− λ)1/2
√
9 + 6
√
3/3.
Generically, dimQ VˆJnewλ = 6. In particular, we can see that End(J
new
λ ) is generated by the endo-
morphisms
A =

ζ 0 0 0
0 1/ζ 0 0
0 0 ζ5 0
0 0 0 1/ζ5
 , B =

0 0 i/λ
1
6 0
0 0 0 iλ
1
6
iλ
1
6 0 0 0
0 i/λ
1
6 0 0
 ,
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C =

0 i2+
√
3
αλ
1
6
0 0
iλ
1
6α 0 0 0
0 0 0 iλ
1
6
α
0 0 iαλ
−
1
6
2+
√
3
0
 ,
with the relations
A4 −A2 = −1, B2 = −1, C2 +A+A−1 = −2,
and
BAB−1 = A3 −A, CAC−1 = A−1, CBC−1 = (2 +A+A−1)B.
Moreover, End0(J
new
λ ) contains the quaternion algebra
(
−1,3
Q
)
≃ HΓ, which is generated by B,
and A+A−1.
In this case
∫ 1
0 ω1/
∫∞
1
λ
ω11 is algebraic as B(1/4, 7/12)/B(1/12, 3/4) =
√
2
√
3
3 − 1. For the Gauss-
ian hypergeometric functions, if λ 6= 0, 1 ∈ Fp, we have the identities:
2F1
(
η η3
η−2 ;λ
)
p
= η2(λ)2F1
(
η5 η3
η2
;λ
)
p
= η
(−27(1 − λ)6) 2F1(η−5 η−3η−2 ;λ
)
p
= η
(−27λ2(1− λ)6) 2F1(η−1 η−3η2 ;λ
)
p
,
where η is a multiplicative character of F×p of order 12.
7.3. X
[10;2,7,7]
λ . For the abelian variety Jλ := J
[10;2,7,7]
λ , the corresponding periods of J
new
λ are
τ1 =
∫ 1
0
ω1 = B (3/10, 4/5) 2F1
[ 7
10
4
5
11
10
;λ
]
,
τ2 =
∫ 1
0
ω9 = B (7/10, 1/5) 2F1
[ 3
10
1
5
9
10
;λ
]
,
τ3 =
∫ 1
0
ω3 = B (9/10, 2/5) 2F1
[ 1
10
2
5
13
10
;λ
]
,
τ4 =
∫ 1
0
ω7 = B (1/10, 3/5) 2F1
[ 9
10
3
5
7
10
;λ
]
,
and
τ ′1 =
∫ ∞
1
ω1 =
√
5− 1
2α1(λ)β1
τ2, τ
′
2 =
∫ ∞
1
ω9 = α1(λ)β1τ1
τ ′3 =
∫ ∞
1
ω3 =
−√5− 1
2α1(λ)β2
τ4, τ
′
4 =
∫ ∞
1
ω7 = α2(λ)β2τ3
where
α1(λ) = (−1)7/5λ1/10(1− λ)2/5, β1 = B (7/10, 2/5) /B (3/10, 4/5) ,
α2(λ) = (−1)1/5λ3/10(1− λ)−4/5, β2 = B (1/10, 1/5) /B (9/10, 2/5) .
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The lattice Λ(λ) is generated by
τ1, ζτ1, ζ
2τ1, ζ
3τ1,
√
5−1
2α1(λ)β1
τ2, ζ
√
5−1
2α1(λ)β1
τ2, ζ
2
√
5−1
2α1(λ)β1
τ2, ζ
3
√
5−1
2α1(λ)β1
τ2
τ2,
τ2
ζ ,
τ2
ζ2 ,
τ2
ζ3 , α1(λ)β1τ1,
α1(λ)β1τ1
ζ ,
α1(λ)β1τ1
ζ2 ,
α1(λ)β1τ1
ζ3
τ3, ζ
3τ3, ζ
6τ3,
τ3
ζ ,
−
√
5−1
2α2(λ)β2
τ4, ζ
3 −
√
5−1
2α2(λ)β2
τ4,
−
√
5−1
2α2(λ)β2ζ4
τ4,
−
√
5−1
2α2(λ)β2ζ
τ4
τ4,
τ4
ζ3 ,
τ4
ζ6 , ζτ4, α2(λ)β2τ3,
α2(λ)β2τ3
ζ3 ,
α2(λ)β2τ3
ζ6 , ζα2(λ)β2τ3.
By using Gaussian hypergeometric functions, one knows that the subrepresentations σm and σN−m
differ by a character, as in §3.4. Thus β1, β2 are both algebraic. Meanwhile, σ1 and σ3 do not
differ by a character. Thus, combining with Wu¨stholz’s result we know that for a generic λ ∈ Q,
the 4-dimensional abelian variety Jnewλ is simple, and ΛQ(J
new
λ ) is 10-dimensional.
We can see that End0(J
new
λ ) contains the endomorphisms
A =

ζ 0 0 0
0 ζ−1 0 0
0 0 ζ3 0
0 0 0 ζ−3
 , B =

0 α1(λ)β1 0 0√
5−1
2α1(λ)β1
0 0 0
0 0 0 α2(λ)β2
0 0 −
√
5−1
2α2(λ)β2
0
 ,
which satisfy the relations
A4 −A3 +A2 −A = −1, B2 = A2 +A−2, BAB−1 = A−1.
The algebra End0(J
new
λ ) contains the quaternion algebra( √
5−5
2 ,
√
5−1
2
Q(
√
5)
)
,
which is the quaternion algebra defined over Q(
√
5) with discriminant p5.
7.4. X
[5;1,4,1]
2 . For the curve y
5 = x(1 − x)4(1 − 2x), from Galois perspective, its L-function is
expected to be related to two Hilbert modular forms, which differ by embeddings of Q(
√
5) to C.
From numeric data, we identified two Hilbert modular forms, which are labeled by Hilbert Cusp
Form 2.2.5.1-500.1-a in the LMFDB online database [23].
Here, we tabulate the local L-functions of the curve C : y5 = x(1−x)4(1−2x) with factorization
over Q(
√
5), and the trace data for the Hilbert cusp forms for some small primes.
p Lp(C, T ) over Q(
√
5) Hecke eigenvalues
7 (49T 4 + 10T 2 + 1)(49T 4 − 10T 2 + 1) −10
11 (11T 2 − 2T + 1)4 2, 2
13 (169T 4 + 1)2 0
17 (289T 4 − 20T 2 + 1)(289T 4 + 20T 2 + 1) 20
19
(
19T 2 − 5
(
1+
√
5
2
)
T + 1
)(
19T 2 − 5
(
1−
√
5
2
)
T + 1
)(
19T 2 + 5
(
1+
√
5
2
)
T + 1
)(
19T 2 + 5
(
1−
√
5
2
)
T + 1
) 5( 1±√52 )
31
((
31T 2 +
(
1+5
√
5
2
)
T + 1
)(
31T 2 +
(
1−5
√
5
2
)
T + 1
))2 −1±5√5
2
41
((
41T 2 +
(
1+5
√
5
2
)
T + 1
)(
41T 2 +
(
1−5
√
5
2
)
T + 1
))2 −1±5√5
2
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